As we can see, the agreement with the desired value, u(t) = 1, is excellent. 7. Discussion. Consider a system of renewal-type equations, given, say, in matrix form:
where a is a real number, and 0 < a < 1.
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The function/(x) is supposed known and it is required to find the function g(t). The solution is known to be [1] : (2) g{x)=s™J^l\¿ f mix -ty-1 dt] air \_dx Jo J Because of the singularity, the differentiation can not be carried out explicitly. However, if an integration by parts is first made, Equation (2) takes the form
and if it is assumed that/(i) is finite, the differentiation under the integral can be performed and we get f(o)x^+ ffiDix-tr-'dt.
Jo
While both Equations (2) and (4) give the theoretically correct solution to Abel's equation, neither are suitable to compute from in problems where no explicit mathematical expression for fix) is known. First, there is the problem of the singular behavior of the integrand when t = x, and while this may be circumvented in several ways, either by an algebraic substitution which removes the singularity or by use of a quadrature formula which inherently takes into account the nature of the singularity (see e.g. [2] ), there is an even greater barrier to the numerical problem, namely the fact that both expressions depend not on fix), but on its derivative. In fact, it is most often the case that f(x) is obtainable only from measured data and, as is well known, the determination of accurate derivatives in such instances is extremely difficult, if not impossible. We, therefore, need a form of the solution in which/(x) does not appear, and such a solution may readily be obtained if the integration by parts of Equation (4) is carried out in a somewhat different manner; namely, let
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It will be noted that while (6) inherently implies the existence oí fix) in some sense in order that the limiti-,* [ifix) -fit))fix -t)] be defined, it does not explicitly involve the derivative in any way. Thus, the only difficulty in evaluating Equation evaluate the integrand at the point t = x. This would indeed be the case if a "closed" quadrature formula (i.e., one which involves the end points) were used. However, other quadrature formulae are available which do not require knowledge of the integrand except at interior points of the interval of integration, and, of these, perhaps the most suitable is the Gaussian type. Here the approximate value of the integral is expressed as a linear combination of the integrand (not including the singular term ix -t)""1) evaluated at properly selected points and multiplied by appropriate weighting factors. (See e.g. [3] .) For this purpose, it is more convenient always to have a fixed interval of integration, and to this end we set t = x(l -u) and direct attention to the integral involved in Equation (6) To determine the ordinates and weight factors for the Gaussian quadrature of the above integral we need to find the zeros of that set of polynomials 3nia, u) which are orthogonal on (0, 1) with respect to u"~ as weighting function. These polynomials therefore satisfy the relation Since the most frequently encountered value for a in Abel's equation is J, the ordinates and weight factors for this case are listed in Table Al Table 1 gives the results using the Gaussian coefficients for selected values of n . 
